Abstract. W.H. Woodin showed that if κ 1 < · · · < κ n are strong cardinals then twostep Σ 1 n+3 generic absoluteness holds after collapsing 2 2 κn to be countable. We show that this number can be reduced to 2 κn , and to κ + n in the case n = 1, but cannot be further reduced to κ n .
Introduction
The goal of this article is to slightly sharpen a theorem of W.H. Woodin regarding forcing generic absoluteness from strong cardinals. We begin with a brief introduction to generic absoluteness principles and a summary of their relationship to large cardinals. For a positive integer n, one-step Σ 1 n generic absoluteness says that every Σ 1 n statement is absolute between V and all generic extensions, and two-step Σ 1 n generic absoluteness says that for every generic extension of V , every Σ 1 n statement is absolute between it and all further generic extensions. Crucially, two-step generic absoluteness allows real parameters from generic extensions. Projective generic absoluteness (either one-step or two-step) says that Σ 1 n generic absoluteness holds for every positive integer n.
From Shoenfield's absoluteness theorem (see, for example, Kanamori [5, Theorem 13 .15]) it follows that one-step Σ 1 2 generic absoluteness is a theorem of ZFC and therefore twostep Σ 1 2 generic absoluteness is also a theorem of ZFC. Generic absoluteness principles for higher pointclasses in the projective hierarchy are independent of ZFC and are equiconsistent with the existence of large cardinals. For example, one-step Σ Two-step Σ 1 3 generic absoluteness has higher consistency strength than one-step Σ 1 3 generic absoluteness: it is equivalent to the statement "every set has a sharp". Using Jensen's covering lemma, Woodin [14] showed that if two-step Σ [1, Theorem 3] . However, elements of the Martin-Solovay argument will be needed later in this paper.)
At higher levels of complexity, generic absoluteness relates to strong cardinals. By results of Woodin and K. Hauser, one-step and two-step projective generic absoluteness are both equiconsistent with the existence of infinitely many strong cardinals. More specifically, Woodin showed that if λ is a limit of strong cardinals, then two-step projective generic Part of this research was conducted at the University of California, Irvine, where the author was supported by the National Science Foundation grant DMS-1044150.
absoluteness holds after forcing with Col(ω, λ) (see Steel [12, Corollary 4.8] ,) and Hauser [3, Theorem 3.14] showed that if one-step projective generic absoluteness holds, then either there is an inner model with a Woodin cardinal or the core model K has infinitely many strong cardinals.
For two-step generic absoluteness, the results of Woodin and Hauser give a level-by-level equiconsistency: for every positive integer n, two-step Σ 1 n+3 generic absoluteness is equiconsistent with the existence of n strong cardinals. Woodin showed that if there are n strong cardinals κ 1 < · · · < κ n , then two-step Σ generic absoluteness may fail after collapsing every cardinal less than 2 κn to be countable. Suppose that V = K and there are n strong cardinals. Let κ 1 < · · · < κ n be the first n strong cardinals. Then GCH holds and in particular 2 κn = κ + n , so two-step Σ 1 n+3 generic absoluteness holds after forcing with Col(ω, κ + n ) by Theorem 1.1, but (as explained below) it fails after forcing with only Col(ω, κ n ).
In fact, in this situation even one-step Σ 1 n+3 generic absoluteness fails after forcing with Col(ω, κ n ) because there is a Σ 1 n+3 statement that is not absolute between generic extensions of V by Col(ω, κ n ) and Col(ω, κ + n ). To see this, note that the number of <κ n -strong cardinals less than κ n is n − 1 because every cardinal that is strong up to a strong cardinal is strong. Therefore by the proof of Hauser [3, Theorem 3 .10], if we take a V -generic filter G ⊂ Col(ω, κ n ) and a real x ∈ V [G] coding the extender sequence of K up to κ n , the statement "ω 1 is the cardinal successor of κ n in K" can be expressed in a Π 
Tree representations of sets of reals
In this section we briefly review some definitions regarding tree representations of sets of reals, where by "reals" we mean elements of the Baire space ω ω . For more information on this topic, see Moschovakis [9] or Kechris and Moschovakis [7] . We also define a generalization of semiscales that we call proto-semiscales (see Definition 2.1 below.)
For a class X, a tree on X is a subset of X <ω that is closed under initial segments. When we consider trees on Cartesian products such as ω × Ord, we conflate sequences of pairs with pairs of sequences. Because we require trees to be sets, a tree on ω × Ord is actually a tree on ω × γ for some ordinal γ, but for simplicity we avoid naming γ whenever possible.
For a tree T on ω × Ord we let [T ] denote the set of branches of T , meaning the set of
is a closed subset of ω ω ×Ord ω , and conversely every closed subset of ω ω ×Ord ω is the set of branches of some tree on ω × Ord. For a relation R we use the notation pR for the projection of R along its last coordinate, so p[T ] is the set of all reals x such that (x, f ) ∈ [T ] for some f ∈ Ord ω . If A = p[T ] then we say T projects to A, or T is a tree representation of A.
For a tree T on ω × Ord and a real x, we define the section of T by x as follows:
Then T x is a tree on Ord and we have
(so that T x is wellfounded) then we let rank Tx denote the rank function on T x . For convenience we define rank Tx (s) to be zero in the case s / ∈ T x , so that rank Tx is defined on all s ∈ Ord <ω . For various finite sequences s ∈ Ord <ω , the corresponding ordinals rank Tx (s) provide various measures of how "close" x is to p[T ].
If T andT are trees on ω × Ord and P is a poset, the pair (T,T ) is called P-absolutely
in every generic extension of V by P. Because every generic extension of V by P is contained in a generic extension of V by Col(ω, λ) where λ = |P|, every Col(ω, λ)-absolutely complementing pair of trees is P-absolutely complementing, so for our purposes it will suffice to consider Levy collapse posets.
For a set of reals A, a norm on A is a function ϕ : A → Ord. For every norm ϕ on A, we may define a corresponding prewellordering ≤ ϕ of A by x ≤ ϕ y ⇐⇒ ϕ(x) ≤ ϕ(y). Two norms on A are equivalent if their corresponding prewellorderings are equal.
A semiscale on A is a sequence ϕ = (ϕ i : i < ω) of norms on A such that for every sequence of reals (x n : n < ω) in A and every real y, if (x n : n < ω) converges to y and for each i < ω the sequence of ordinals (ϕ i (x n ) : n < ω) is eventually constant, then y ∈ A. Note that replacing each norm by an equivalent norm preserves this defining property of semiscales.
From a semiscale ϕ = (ϕ i : i < ω) on A we may define the tree associated to ϕ, which is the tree on ω × Ord consisting of all finite sequences of pairs
where x ∈ A and n < ω. The relevant consequence of this definition is that ifT is the tree associated to a semiscale on A, thenT projects to A. (This consequence is proved for the tree of a scale by Kechris and Moschovakis [7, Section 6.2] , and the proof applies equally well to semiscales.)
The following generalization of semiscales will also be useful.
Definition 2.1. A proto-semiscale on a set of reals A is a set C of norms on A such that for every sequence of reals (x n : n < ω) in A and every real y, if (x n : n < ω) converges to y and for each norm ϕ ∈ C the sequence of ordinals (ϕ(x n ) : n < ω) is eventually constant, then y ∈ A.
Note that replacing each norm by an equivalent norm preserves the defining property of proto-semiscales. Note also that if the sequence of norms (ϕ i : i < ω) is a semiscale on A then the set of norms {ϕ i : i < ω} is a proto-semiscale on A, and if the set of norms C is a countable proto-semiscale on A then every enumeration of C by ω is a semiscale on A. If we have a proto-semiscale C on A and we want to define an associated tree representation for A, we will first need to enumerate C by ω.
Proof of Theorem 1.1
The main ingredient in the proof of Theorem 1.1 will be the following lemma. Woodin proved a version of this lemma with 2 2 κn in place of 2 κn : see Steel [12, Theorem 4.5] . (That version also required the codomain M of the elementary embedding j : V → M to have a bit more agreement with V , but this difference is not relevant to our desired application where κ is a strong cardinal.) Lemma 3.1. Let κ and λ be cardinals with 2 κ < λ. Let j : V → M be an elementary embedding such that crit(j) = κ and j(κ) > λ and M is a transitive class with P(λ) ⊂ M. Let T be a tree on ω × Ord and let
Remark 3.2. Woodin used a system of measures to build an absolute complementT for j(T ) via a Martin-Solovay construction, and the cardinal 2 2 κ appeared as an upper bound on the number of measures on κ. In our proof, we will instead build a semiscale from norms corresponding to rank functions, and the cardinal 2 κ will appear as an upper bound on the number of norms required. Wilson [13, Lemma 3.1] used a similar argument. (A version of Lemma 3.1 was initially included in that paper, but later removed because it threatened to take the paper on an overly long tangent.) Once Lemma 3.1 is proved, Theorem 1.1 will follow routinely as in Steel [12, Section 4] . The argument is identical except for the substitution of 2 κn for 2 2 κn , so we only give a brief summary here. We begin with the Martin-Solovay tree representations of Π 1 2 sets, which exist because every set has a sharp, and may be taken to project to the intended sets in arbitrarily large generic extensions. Then we build tree representations of Σ sets, which may also be taken to project to the intended sets in arbitrarily large generic extensions. In the end, the existence of such tree representations of Π 1 n+2 sets will imply two-step Σ we collapse 2 κ i , where κ i is the ith strong cardinal, and apply Lemma 3.1. Because we may take λ to be arbitrarily large in Lemma 3.1, this step preserves the property that our trees project to the intended sets in arbitrarily large generic extensions. Note that the difference between the two trees T and j(T ) in Lemma 3.1 is not a problem here. In the case i = 1 for example, let G ⊂ Col(ω, 2 κ 1 ) be a V -generic filter, let H ⊂ Col(ω, λ) be a V [G]-generic filter, let A be a Σ It therefore remains to prove Lemma 3.1. In fact, we will prove a sharper version that will be needed for the proof of Theorem 1.3 in Section 4: Lemma 3.3. Let κ, η, and λ be cardinals with κ ≤ η < λ. Let j : V → M be an elementary embedding such that crit(j) = κ and j(κ) > λ and M is a transitive class with P(λ) ⊂ M. Let T be a tree on ω × Ord with |V κ+1 ∩ L(j(T ), V κ )| ≤ η and let G ⊂ Col(ω, η) be a Vgeneric filter. Then in V [G] there is a treeT on ω × Ord such that the pair (j(T ),T ) is Col(ω, λ)-absolutely complementing.
Because κ is inaccessible we have |V κ+1 ∩ L(j(T ), V κ )| ≤ 2 κ for every tree T , so Lemma 3.3 with η = 2 κ implies Lemma 3.1. To complete this section it remains to prove Lemma 3.3.
Remark 3.4. The proof will resemble a well-known construction which, given a countable tree representation T of a Σ 1 1 set, builds a semiscale ϕ on (and thereby an associated tree representationT of) the complementary Π 1 1 set. The main difference here is that in Lemma 3.3 we may not assume T is countable; indeed, T will have cardinality at least κ in the desired applications. Therefore what we first get is only a proto-semiscale. To get a semiscale, we will need to collapse the proto-semiscale to be countable. If the tree itself is collapsed, then it's not clear this proto-semiscale will be useful; however, by using a given degree of strongness of κ, we may "inflate" T to j(T ) and show that it suffices to collapse something less than the cardinality of j(T ). As noted previously, the difference between T and j(T ) will not matter for applications within the projective hierarchy.
Proof of Lemma 3.3. Note that for every generic extension V [g] of V by a poset in V κ , the map j extends to an elementary embedding
By the elementarity of j, the fact that
The models M[G][H] and V [G][H] have the same reals because
Let A denote the complement of this common set of reals:
Take an ordinal γ such that T is a tree on ω × γ. Then for each t ∈ j(γ) <ω , we may define a norm ϕ t on A by ϕ t (x) = rank j(j(T ))x (j(t)). Recall that this rank is defined as zero if j(t) / ∈ j(j(T )) x .
Claim 3.5. The set of norms {ϕ t : t ∈ j(γ) <ω } is a proto-semiscale on A.
Proof. Let (x n : n < ω) be a sequence of reals in A and let y be a real in V [G] [H] . Assume that (x n : n < ω) converges to y and for every t ∈ j(γ) <ω the sequence of ordinals (ϕ t (x n ) : n < ω) is eventually constant; let λ t denote its eventual value. We want to show y ∈ A. Suppose toward a contradiction that y ∈ p[j(T )] as witnessed by f ∈ j(γ) ω . That is, for all i < ω we have f ↾ i ∈ j(T ) y . Then we have j(f ↾ i) ∈ j(j(T )) y , and because x n → y as n → ω, we have j(f ↾ i) ∈ j(j(T )) xn for all sufficiently large n. Therefore for all sufficently large n the norm values ϕ f ↾i (x n ) and ϕ f ↾(i+1) (x n ) are the ranks of a parent and child node respectively in the well-founded tree j(j(T )) xn , so the eventual norm values satisfy the inequality λ f ↾i > λ f ↾(i+1) . This inequality holds for all i < ω, so we get an infinite decreasing sequence of ordinals, which is a contradiction.
We can strengthen Claim 3.5 as follows: Claim 3.6. There is a set σ ⊂ j(γ)
<ω in V such that |σ| V ≤ η and the set of norms {ϕ t : t ∈ σ} is a proto-semiscale on A.
Proof. For every t ∈ j(γ)
<ω we may define, in any model containing the tree j(T ), a norm ψ t on the set of reals ω ω \ p[j(T )] in that model by ψ t (x) = rank j(T )x (t). Note that ψ t is defined like ϕ t but with one fewer level of applications of j. Define an equivalence relation ∼ on j(γ) <ω by t ∼ t ′ if and only if in every generic extension of V by a poset in V κ the norms ψ t and ψ t ′ are equivalent (meaning their corresponding prewellorderings ≤ ψt and ≤ ψ t ′ are equal.) Note that t ∼ t ′ if and only if S t = S t ′ , where for every t ∈ j(γ) <ω we define the set
<ω , the number of equivalence classes of ∼ is at most η, so we may take a set σ ⊂ j(γ)
<ω in V such that |σ| V ≤ η and for every t ∈ j(γ) <ω there is some t ′ ∈ σ with t ∼ t ′ . Note that if t ∼ t ′ , then from the elementarity of j and the fact that j(κ) > λ it follows that the two norms ϕ t and ϕ t ′ on the set of reals
(which is equal to A) are equivalent. Therefore every norm in the set {ϕ t : t ∈ j(γ) <ω } is equivalent to a norm in the set {ϕ t : t ∈ σ}. Because replacing every norm by an equivalent norm preserves the defining property of proto-semiscales, the claim now follows from Claim 3.5.
Fixing an enumeration (t
, the corresponding sequence of norms ϕ = (ϕ t i : i < ω) is therefore a semiscale on A. LetT be its associated tree. In V [G][H] the treeT is definable from the semiscale ϕ, which in turn is definable from the tree j(j(T )) ∈ V and the sequence of nodes (j(t i ) :
BecauseT is a subset of V [G] (in fact of V ) and the poset Col(ω, λ) is almost homogeneous, we therefore haveT ∈ V [G]. BecauseT projects to the set
Proof of Theorem 1.3
In this section we will need to use parts of the proof of Σ [11, Lemma 7.10 ]. What we state here is just a more abstract consequence of the argument given by Steel; the proof is identical, so we will not repeat it. We may now proceed with the proof of Theorem 1.3. Let κ be a strong cardinal. We want to show that two-step Σ ω : B(x)} has a definable semiscale and is therefore the projection of a definable treeT on ω × Ord. Because the poset Col(ω, λ) is almost homogeneous we haveT ∈ V , witnessing condition ( * ) for B and λ in V .
The other case is where ∆ 1 2 determinacy fails in some generic extension of V . In this case we will need to collapse κ + and apply Lemmas 4.2 and 3.3 to the Martin-Solovay trees. Because V κ ≺ Σ 2 V it follows in this case that ∆ 1 2 determinacy fails in some generic extension of V by a poset in V κ . Because we are ultimately interested in V Col(ω,κ + ) , by passing to such a small generic extension we may assume without loss of generality that ∆ 
Proof. Take Let λ > κ + be a cardinal. Because κ is strong, we may take an elementary embedding j : V → M such that crit(j) = κ and j(κ) > λ and M is a transitive class with P(λ) ⊂ M. 
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